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In order to compute on general topological spaces, computable analysis and
its Type-2 Theory of Effectivity (TTE) suggest to use representations to encode
the elements of the space by objects that can be operated on by computers, for
example infinite sequences of bytes [5]. With the definition of represented spaces,
we obtain a general context in which computability has been extended.
Descriptive Set Theory (DST) and its effective version provide us with a
natural framework to study the complexity of sets (in a represented space) according to two points of view. On the one hand, the topological complexity of a
Borel set S is a description of its structure according to the way it is built from
open sets. On the other hand, its algorithmic complexity is the complexity of
its encoding by the chosen representation, and can be viewed as the complexity
of deciding wheter a point belongs to S with an algorithm working on infinite
sequences of bits and allowed to change its mind.
While DST first focused on Polish spaces (complete metrizable spaces with a
dense countable subset), it was later extended to include ω-continuous domains
[4] and more recently quasi-Polish spaces [1]. In this presentation, we ask the
following question on more general classes of spaces: are these two approaches
(topological and algorithmic) always equivalent? More formally, we investigate
these two questions:
1. Is it equivalent for a set to be of topological complexity Γ and of algorithmic
complexity Γ ?
2. How to establish lower-bounds on topological and algorithmic complexities
of sets? How relevant is hardness?
While it is long known that topological and algorithmic complexities are
always equivalent in the context of Polish spaces, in [1] this equivalence was
extended on the larger class of countably-based spaces. In this talk, we provide
two important results for the compatibility of TTE and DST on countably-based
spaces [2]. The first one effectivizes the equivalence of algorithmic and topological
complexities with effective complexity classes, which in our opinion illustrates
that countably-based spaces are an ideal framework for computability and TTE.
Secondly, we develop a criterion based on the notion of hardness in order to
prove lower-bounds on topological complexities.
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We also study CoPolish spaces as a class of spaces that do not have a countable base of open sets. In particular, we focus on the space of real polynomials
equipped with the CoPolish topology, and exhibit a counter-example showing a
mismatch between our two algorithmic and topological complexities [2]. While
a characterization of the spaces on which these two notions of complexity are
equivalent has yet to be found, we suggest this divergence is related to the mismatch between topological and sequential aspects of the topology. Indeed, we
demonstrate that a CoPolish space is Fréchet-Urysohn (topological closures are
the same as sequential closures) if and only if topological and algorithmic complexities coincide on their first levels. We also prove that the usual notion of
hardness reflects algorithmic complexity, and we introduce a notion of hardness
that captures topological complexity [3].
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Algorithmic learning theory has been widely studied in the area of formal
languages. In this presentation, we adopt the framework proposed by Fokina,
Kötzing, and San Mauro [2] and extended in [1] for learning algebraic structures, focusing in particular on the case of undirected graphs. Here, given a
family F of structures, a learner M acquires more and more data about some
A ∈ F. The aim of the learner is to guess the isomorphism type of A: if M makes
finitely many mistakes before converging to the correct guess, one says that M
Ex-learns F; if M makes no mistakes, one says that M Fin-learns F. We will
distinguish also with respect to the information available to M : if both positive
and negative information (e.g. in the undirected graph case the presence/non
presence of an edge between two vertices) is provided, we call the paradigm
learning from informant (Inf ). If only positive information is provided, we call
it learning from text (Txt).
We study which families of structures are learnable allowing a bounded number of mistakes. We show that this problem depends on the poset PF of the
structures from F under the embedding relation. While this bound always exists
in case of finite families of finite structures, we discuss which are the conditions
for its existence in case of infinite families and infinite structures.
We conclude by proving that, for any recursive partial order (P, ≤p ), there is a
family of graphs G such that PG is isomorphic to (P, ≤p ) and G is Ex-learnable.
Keywords: Algorithmic Learning Theory · Inductive Inference · Computable
Structure Theory
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The Weihrauch degree of finding Nash Equilibria
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Our main goal is to classify the Weihrauch degree, (see the survey [1]), of a
multivalued function Nash which maps finite games in strategic form to some
Nash eqilibrium. In order to do this we need a benchmark principle, All-orUnique Choice, AoUC [3]. AoUC recieves an abstract input that expresses which
x ∈ {0, 1}N are valid solutions: initially all of {0, 1}N is a valid solution and it can
remain this way forever (the all case), or at some point recieve the information
that there is a unique correct answer and we are told what it is (the unique case).
Two closure operators on Weihrauch degrees are important for this project, these
allow multiple applications of the oracle. The degree f ∗ represents being allowed
to invoke f any finite number of times in parallel and the degree f  represents
being allowed to invoke f any finite number of times, where later queries can be
computed from previous answers.
Theorem 1. AoUC∗[0,1] ≤W Nash ≤W AoUC[0,1]
As AoUC∗[0,1] <W AoUC[0,1] we know one of these reductions has to be strict.
We also know that any number of oracle calls to AoUC[0,1] can be rearranged to
happen in two phases, where all calls within one phase are independent of each
other.
The main result from [4] was that Nash2 (a two-player game) is Weihrauch
equivalent to AoUC∗[0,1] . The lower bound follows from this, whereas the upper
bound has three ingredients. The first is a pre-processing step that identifies a
potential support for a Nash equilibrium which can be absorbed into Weihrauch
degree AoUC∗[0,1] .
The second is a theorem that’s shows if we ignore the exact number of oracle
calls needed, finding roots of polynomials is no harder than solving equations of
the form bx = a.
Finally we used cylindrical algebraic decomposition (CAD) [2], which shows
that access to AoUC[0,1] makes it possible to solve systems of polynomial inequalities. CAD has two phases, projection and extension. The projection operator
takes polynomials in k variables and produces another set in k − 1 variables
repeatedly until it identifies points on the real line. We can look at the intervals
between 0 to 1 and use CAD to break them down. Using finite closed choice as
a pre-processing step we can choose the broken down intervals that work. Then
we can use AoUC[0,1] to locate the specific interval of the root of the polynomial,
if one exists.
?

Joint work with Arno Pauly
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This is a joint work with Luca San Mauro and Andrea Sorbi.
Computably enumerable equivalence relations, or ceers, have been an active
field of research in recent years. One of the reasons motivating this interest is
that examples of ceers arise naturally in combinatorial algebra, in the form of
the word problem of c.e. algebraic structures like groups, semigroups, rings and
so on.
In this work, we therefore investigate the very natural question of which ceers
can be identified with the word problem of which c.e. algebras, where being
identified means being bi-reducible (with respect to the computable reducibility among equivalence relations, as defined, for instance, in [1]), isomorphic
(i.e. bi-reducible via a reduction whose range intersects all equivalence classes),
or strongly isomorphic (i.e. bi-reducible via a computable permutation). Within
this framework, we give special attention to the problem of finding families of
algebras which are complete for the ceers, namely where every ceer can be identified with the word problem of some of their members.
In particular, we show that every ceer is isomorphic to the world problem of a
c.e. semigroup, but (answering a question of Gao and Gerdes in [2]) not every ceer
is bi-reducible to the word problem of some finitely presented (or even finitely
generated) semigroup. We highlight other properties of semigroups preventing
completeness, such as non-periodicity. All these results can be extended to the
case of monoids.
We also show that the the ceer provided by provable equivalence of Peano
Arithmetic belongs to the same strong isomorphism type of the world problem
of a non-commutative (thus, in particular, non-Boolean) c.e. ring.
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QUOTIENT STRUCTURES, PHILOSOPHY OF COMPUTABILITY
THEORY AND COMPUTATIONAL STRUCTURALISM

1. Abstract
This paper has two main goals. First, we contribute to the large body of work labeled
as structuralism by both expanding it philosophically and exploring it mathematically.
Second, we do the first steps towards a future philosophy of computability.
Structuralism is a view in philosophy of mathematics, according to which mathematics
is the general study of structures and that it does not matter what are the objects instantiating a given structure. The view can be dated back at least to the 1960s, and has been
receiving attention since then - including recent discussions. According to this account
mathematics is not concerned with the internal nature or specific ontological characterization of the elements in the structure, but with how the elements are related to each other.
What demands careful explication here, is then the notion of the structural property. On
the level of informal intuitions, structural properties are usually characterized in terms
of invariance under structural similarity (which is then usually explicated in terms of
the isomorphism of mathematical system instantiating a structure) and abstraction from
structurally similar (usually: isomorphic) systems.
Or, in a slogan: Presentations don’t matter.
Our claim:
• Computational properties of mathematical systems should be a part of the explication of the notion of structural property;
• Some computational property (most notably, “being computable”) should count as
structural.
We agree with the structuralist interpretation that the elements of a given mathematical
system should not be identified with a particular (e.g. set-theoretic) characterization,
but we argue that an important part of the notion of structure is constituted by the
computational features that can be exhibited by the systems instantiating the structure.
This requires to:
(1) revise the notion of structure in a way that encompasses morphisms, transformations, maps, actions, i.e., everything that belongs to the performative part of
mathematics and that cannot be faithfully represented as an object;
(2) incorporate computability-theoretic properties of mathematical systems into the
explication of the notion of mathematical structure and structural property;
(3) give account of the notion of structural similarity that should replace (or at least,
expand) the notion of isomorphism in the structuralist interpretation of mathematics;
(4) reply to the so-called epistemological access challenge by employing the notion of
computation in the structuralist characterization of mathematical discourse and
knowledge.
The interpretation we propose has central advantages over what might be called traditional structuralism, especially in giving a fine-grained analysis of structurality and
structural similarity and in providing a convincing answer to the epistemological access
challenge faced by structuralism (and, noteworthy, other positions in philosophy of mathematics, such as Platonism).
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Complexity of Linear PDEs: Iterative vs.
Analytic Series Approach
Ivan Adrian Koswara, Gleb Pogudin, Svetlana Selivanova, and Martin Ziegler

Abstract. TNumerical solutions to Partial Differential Equations usually proceeds by time and space discretization. We rigorously study the
computational bit-cost of this method, within the real complexity approach. In particular, we prove, that explicit difference schemes approximating (well posed problems for) arbitrary linear PDEs are, in a certain
sense, PSPACE complete. For the particular case of constant linear PDEs
with periodic boundary conditions, we boil this down to P, which is an
intermediate complexity class between PTIME and PSPACE, and show
that this is in a certain sense optimal. This results do not depend on the
functional class of the initial data. At the same time, for analytic initial
data we derive a PTIME algorithm by means of (formal differention) analytic power series. Our P results are based on powering block circulant
matrices of exponential dimension to exponential powers, and calculating
multinomial coefficients of corresponding (generalized) Laurent polynomials by means of analytic complex integrals, which is of independent
interest.
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Part 1 of Martin’s Conjecture for Order
Preserving Functions
Patrick Lutz and Benny Siskind
University of California, Berkeley
{pglutz,bsiskind}@berkeley.edu

Martin’s conjecture is an attempt to make precise the idea that the only
natural functions on the Turing degrees are the constant functions, the identity,
and transfinite iterates of the Turing jump.
Martin’s conjecture is typically divided into two parts. Informally, the first
part says that every function from the Turing degrees to itself is either eventually constant or eventually above the identity and the second part says that the
functions which are above the identity form a well-order under eventual domination and the successor in this well-order is given by the Turing jump (i.e. the
successor of f is the function x 7→ f (x)0 ). As stated, this is inconsistent with the
axiom of choice, so Martin’s conjecture is typically stated in the context of AD
+ DC (the axiom of determinacy plus the axiom of dependent choice).
In the 1980’s, Slaman and Steel proved that the second part of Martin’s
conjecture holds for order-preserving Borel functions [1]. We extend this result
by showing that the first part of the conjecture also holds for order-preserving
Borel functions.
Our methods yield several other new results. First, we can actually drop the
requirement of being Borel and show that the first part of Martin’s conjecture
holds for all order-preserving functions. Second, this result can actually be seen
as a special case of a more general result. We show that every order-preserving
function is actually measure preserving (in the sense of ergodic theory) for a certain ultrafilter on the Turing degrees (usually referred to as the Martin measure)
and that the first part of Martin’s conjecture holds for all measure preserving
functions.
This last result implies that the general case of the first part of Martin’s conjecture is equivalent to a statement about the Rudin-Keisler order on ultrafilters
on the Turing degrees.
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Congruences for Combinatorial
Counting Functions
J.A. Makowsky
Department of Computer Science, Technion-IIT, Haifa, Israel
janos@cs.technion.ac.il
Abstract. In 1980 C. Blatter and E. Specker proved a fundamental, but
vastly overlooked result about congruences of a large family of counting
functions. We review progress of the last years, including some new results.
Keywords: Counting labeled graphs · Specker-Blatter Theorem ·
Congruences of counting functions · Monadic Second Order Logic.

In memory of Ernst P. Specker at the occasion of his centenary

The Specker-Blatter Theorem
We count labeled graphs. Let P be a graph property, and let
dP (n) = |{E ⊆ [n]2 : ([n], E) ∈ P }|

be the number of ways one can find an edge relation E on the set {1, . . . , n} to
obtain a graph G = ([n], E) ∈ P . dP (n) is called the density function of P . If P is
monotone (hereditary) it is also called the speed of P . C. Blatter and E. Specker
study algebraic properties of density functions already in [1,2,3,11]. Only in [10],
E. Scheinerman and J. Zito initiate the study growth rates of density functions
for hereditary properties, and relate thenm to structural properties of graphs
G ∈ P.
The original Specker-Blatter theorem from 1980 is the following:
Theorem 1. Let P be a property of structures (A, Ri ), i ∈ [k], where each Ri
is a unary or binary relation, and P is definable using Monadic Second Order
Logic MSOL. Let dP the density function for P and dm
P be the sequence
dm
P (i) = dP (i)

mod m.

Then dm
P (i) : i ∈ N is ultimately periodic.

In their origial work It was left open, whether the restriction to at most binary
relations and the restriction to MSOL among fragments of Second Order Logic
SOL was necessary.
In [4], see also [12], it was shown:
Theorem 2 (E. Fischer, 2002). There is a property of finite structures with
one quaternary relation, which is even FOL-definable but violates the Blatter
Specker Theorem.
10
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Separating Logic from Combinatorics
C. Blatter and E. Specker associate with a property P of relational structures a
rank, the substitution rank, with values in N ∪ {∞}.
The logic part of their theorem is the following:
Proposition 1 (C. Blatter and E. Specker, 1980). If P is MSOL-definable
the substitution rank of P is finite.
Let CMSOL be the logic obtained from MSOL by adding modular counting
quantifiers.
Proposition 2 ([6]). If P is CMSOL-definable this rank is finite.
The class of Eulerian graphs is not MSOL-definable, but it is CMSOL-definable.
Hence, this now covers also the case of Eulerian graphs.
The rest of the Specker-Blatter Theorem is algebra-combinatorial.
Proposition 3 (C. Blatter and E. Specker, 1980). If P is a property of
structures with all relations at most binay, and P has finite substitution rank,
then dm
P (n) is ultimately periodic for every m ∈ N.
The substitution rank can be defined using the rank of certain connection aka
Hankel matrices.

Hankel matrices for graph properties
A k-graph of order n is a graph G = (V (G), E(G), a1 , . . . , ak ) with V (G) = [n]
together with k distinct vertices a1 , . . . , ak . Let 2 be a binary operation on
k-graphs. 2 could be
(i) t, the disjoint union of graphs (without labels),
(ii) ./, the join of two graphs (without labels),
(iii) tk , the k union of k-graphs formed by taking the disjoint union and then
identifying corresponding distinct vertices.
(iv) or the substition S(G, H) of a 1-graph G for the distinct label a of the
1-graph H. Here a is removed and replaced by disjoint copy of H, where
additionally every vertex of G formerly connected to a is now connected to
every vertex in H.
Let Gi , i ∈ N be an enumeration of all finite k-graphs, and let P be a graph
property. We define the infinite (0, 1)-matrix H(P, 2) with
(
1 Gi 2Gj ∈ P
H(P, 2)i,j =
0 Gi 2Gj 6∈ P
and denote by rk(P, 2) the rank of H(P, 2) over the field Z2 . The matrix H(P, 2)
is called the Hankel matrix of P and 2 for graphs (k-graphs). C. Blatter and E.
Specker use a special case of Hankel matrices 26 years before they were introduced in graph theory in [7,8,9].
11
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Theorem 3 ([8]). Let P be a property for τ -structures definable in CMSOL.
Let 2 ∈ {t, ./, tk , Subst}. Then the Hankel matrix H(P, 2) has finite rank over
Z2 .
There are only countably many classes of structures definable by CMSOLformulas. How many classes are there of finite t-rank?

Proposition 4 (After an idea of Specker, 2002). There are continuum
many properties of structures with t-rank (./-rank) 2, or with fixed finite Substrank.
Proposition 5 ([9]). Let P be a graph property. We have rk(P, t) ≤ rk(P, Subst)
and rk(P, ./) ≤ rk(P, Subst).

Structures of bounded degree
Let A = hA, R̄i be a τ -structure. We define a symmetric relation EA on A, and
call hA, EA i the Gaifman-graph of A. Let a, b ∈ A. (a, b) ∈ EA iff there exists a
relation R ∈ R̄ and some ā ∈ R such that both a and b appear in ā (possibly
with other members of A as well). For any element a ∈ A, the degree of a is the
number of elements b 6= a for which (a, b) ∈ EA . We say that A is of bounded
degree d if every a ∈ A has degree at most d. We say that A is connected if its
Gaifman-graph is connected. For a class of structures P we say it is of bounded
degree d (resp. connected) iff all its structures are of bounded degree d (resp.
connected).
Theorem 4 ([6]). Let P be a property of τ -structures of finite t-rank, and let
dP (n) be its density function.
If P is of bounded degree d, the function dP (n) satisfies a modular recurrence relation for every m. Furthermore, if additionally all the models in P are
connected, the function dm
P = 0 for every m.

Note that we have no restrictions on τ besides not allowing function symbols, A
detailed survey of recurrence relations for combinatorial counting functions may
be found in[5].

Open problems
It was shown in [9] that the class HAM of Hamiltonian graphs has t-rank 2, but
has infinite ./-rank, hence also infinite Subst-rank. Hence the Specker-Blatter
Theorem applies to Hamiltonian graphs of bounded degree.
Problem 1. What can we say about dm
HAM (n) in the case of unbounded degree?
Also in [9] it is shown that the class RIG of rigid graphs (even of bounded
degree) and the class REG of regular graphs have infinite t-rank. However, the
class REGr of regular graphs of degree r is FOL-definable.
Problem 2. What can we say about dm
RIG (n) in the case of bounded (unbounded)
degree?
Problem 3. What can we say about dm
REG (n) in the case of unbounded degree?
12

4

J.A. Makowsky

References
1. Blatter, C., Specker, E.: Le nombre de structures finies dune theorie charactere fin.
Sciences Mathématiques, Fonds Nationale de la recherche Scientifique, Bruxelles
pp. 41–44 (1981)
2. Blatter, C., Specker, E.: Modular periodicity of combinatorial sequences. Abstract
Amer. Math. Soc 4, 313 (1983)
3. Blatter, C., Specker, E.: Recurrence relations for the number of labeled structures
on a finite set. In: Symposium on Recursive Combinatorics. pp. 43–61. Springer
(1983)
4. Fischer, E.: The Specker–Blatter theorem does not hold for quaternary relations.
Journal of Combinatorial Theory, Series A 103(1), 121–136 (2003)
5. Fischer, E., Kotek, T., Makowsky, J.A.: Application of logic to combinatorial sequences and their recurrence relations. Model Theoretic Methods in Finite Combinatorics 558, 1–42 (2011)
6. Fischer, E., Makowsky, J.A.: The Specker-Blatter theorem revisited. In: International Computing and Combinatorics Conference. pp. 90–101. Springer (2003)
7. Freedman, M., Lovász, L., Schrijver, A.: Reflection positivity, rank connectivity,
and homomorphism of graphs. Journal of the American Mathematical Society
20(1), 37–51 (2007)
8. Godlin, B., Kotek, T., Makowsky, J.A.: Evaluations of graph polynomials. In: International Workshop on Graph-Theoretic Concepts in Computer Science. pp. 183–
194. Springer (2008)
9. Makowsky, J.A., Kotek, T.: Connection matrices and the definability of graph
parameters. Logical Methods in Computer Science 10 (2014)
10. Scheinerman, E.R., Zito, J.: On the size of hereditary classes of graphs. Journal of
Combinatorial Theory, Series B 61(1), 16–39 (1994)
11. Specker, E.: Application of logic and combinatorics to enumeration problems,
trends in theoretical computer science (e. börger, ed.) (1988)
12. Specker, E.: Modular counting and substitution of structures. Combinatorics, Probability and Computing 14(1-2), 203–210 (2005)

13

Reduction games, provability, and compactness
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This is joint work with Damir D. Dzhafarov and Denis R. Hirschfeldt. Our
work centers on the characterization of Π21 -problems P and Q such that P ≤ω Q,
as well as problems P and Q such that RCA0 ` Q → P, in terms of winning
strategies in certain games. These include the reduction game G(Q → P) and
the reduction game over Γ , GΓ (Q → P ) originally introduced by Hirschfeldt
and Jockusch in [1]. We also introduce modified versions of these games. We
prove a notion of compactness that allows us, for strategies satisfying particular
conditions, to bound the number of moves it takes to win. In particular, we show
that when Γ is a consistent extension of ∆01 -comprehension by Π11 -formulas that
proves the existence of a universal Σ10 formula, and P and Q are Π21 -problems,
if Γ ` Q → P then there is an n such that Player 2 has a winning strategy for
the modified game over Γ , ĜΓ (Q → P), that ensures victory in at most n many
moves. Otherwise, Player 1 has a winning strategy for the modified game over
Γ + Q, ĜΓ +Q (Q → P). We also consider similar characterizations related to the
intuitionistic version of RCA0 .
Similar to the notion of reduction games over a set of Π11 -formulas, we define Weihrauch reducibility and generalized Weihrauch reducibility over sets of
Π11 -formulas, such as RCA0 and RCA0 + BΣ20 . We discuss the principle LH which
says that if c : [N]2 → 2 is such that limy c(x, y) = 1 for all x, then c has an
infinite homogeneous set. We show that LH is equivalent to BΣ20 over RCA0 , and
we note that LH is trivial with respect to Weihrauch reducibility and Weihrauch
reducibility over RCA0 + BΣ20 . However, we find that when we consider gener0
alized Weihrauch reducibility over RCA0 , LH 6≤RCA
Bound∗ , where Bound∗ is
gW
0
the form of BΣ2 that says that for a simultaneous enumeration of a finite family F0 , . . . , Fk of bounded sets, there exists a bound b on ∪i≤k Fk . This gives
an example of how these notions of reducibility over a set of Π11 -formulas are
tools that can more finely separate problems from one another than previously
existing methods. We explore further separations between principles using these
tools and compare and contrast what the universe of problems looks like when
RCA0 +BΣ20
0
0
we separate by ≤W , ≤gW , ≤RCA
, ≤RCA
.
W
gW , and ≤gW
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On the logical and computational properties of
the uncountable
Sam Sanders1
Department of Mathematics, TU Darmstadt, Germany,
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I provide an overview of my joint project with Dag Normann on the Reverse
Mathematics and computability theory of the uncountable ([2–4]). In particular,
we have shown that the following theorems are hard to prove relative to the
usual scale of (higher-order) comprehension axioms, while the objects claimed
to exist by these theorems are similarly hard to compute, in the sense of Kleene’s
S1-S9 schemes ([1]).
There is no injection from R to N.
Arzelà’s convergence theorem for the Riemann integral.
Baire category theorem for open sets as characteristic functions.
Covering lemmas for uncountable covers of the unit interval.
Covering lemmas for countable covers of closed sets as characteristic functions.
6. Elementary fragments of the (fourth-order) Lebesgue measure and integral.
7. Unordered sums that are Cauchy, are actually countable series.
1.
2.
3.
4.
5.

We discuss how comprehension is unsuitable as a measure of logical and computational strength in this context; we also provide an alternative, namely a
(classically valid) continuity axiom from Brouwer’s intuitionistic mathematics.
Finally, this study is motivated by recent results ([5]) showing that the coding
practise common in Reverse Mathematics can significantly change the logical
strength of basic theorems by Tietze, Heine, and Weierstrass.
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Computational Logic for Uncertain Reasoning on
Stochastic Systems
Alberto Termine
Department of Philosophy
University of Milan
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Informal Presentation

Checking properties of stochastic systems represents a fundamental challenge
for model-checking. Standard approaches include probabilistic and doxastic
computational extensions of temporal logics. PCTL is the standard formalism to
model-check probabilistic properties of systems [1] and it extends standard CTL
with a probability operator P rob∇b expressing the probability that a stochastic
system reaches a state where a certain formula holds. A different approach stems
from extensions of CTL by epistemic agents: COGWED [2], for instance, uses
Γ
to express the degree of epistemic uncertainty
a bounded-belief operator B∇b
about holding of a formula by a given group of agents Γ. Both logics are
limited: PCTL is not able to express epistemic uncertainty, while COGWED
is not able to express probabilistic properties of stochastic systems. In [3], an
attempt to overcome such limitations is offered extending PCTL to include both
Γ
standard epistemic operators and a bounded-belief operator B∇b
. However, this
approach fails to express formulae where the bounded-belief operator embeds a
Γ
probabilistic operator, i.e. formulae of the form B∇h
P rob∇b φ. Such a formula
would express the epistemic uncertainty of an agent, or a group of agents, about
a probabilistic properties of a given stochastic system, and it is useful to model
reasoning on a system whose behaviour is only partially known by the observers.
In the present work we present the logic PCTL-EU, obtained by extending
Ai
traditional PCTL with the epistemic operator O∇b
to express the estimate by
a given agent Ai of the probability that a given stochastic system reaches a
state where a certain formula holds; and with a new bounded-belief operator
Ai
B∇h
that is allowed to embed probabilistic operators and which expresses the
difference between the agent’s estimate and the actual stochastic behaviour of
the system. We interpret this difference as a measure of the degree of epistemic
uncertainty of the agent about the behaviour of the system. We generalise
bounded-beliefs to group operators and outline some complexity considerations
on the implementation algorithms and provide future possible extensions.
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Finding descending sequences in ill-founded
linear orders
Manlio Valenti1
Dipartimento di Scienze Matematiche, Informatiche e Fisiche
University of Udine, Udine, Italy
manlio.valenti@uniud.it

In this work we investigate, from the point of view of Weihrauch reducibility,
the uniform computational content of the problem DS which can be phrased as
“given an ill-founded linear order L, find an infinite L-descending sequence”. This
problem can be seen as a “one-sided” version of ADS (given an infinite linear
order produce either an ascending or a descending chain). However their computational contents are very different: while the latter is easily seen to be Weihrauch
reducible to RT22 , there is a computable ill-founded linear order with no hyperarithmetic descending sequence, which places DS in the “non-hyperarithmetic”
part of the Weihrauch hierarchy (as DS ̸≤W UCNN ).
Recently [1] introduced the concept of first-order part 1 f of a multivalued
function f . We show that 1 DS ≡W Π11 −Bound, where Π11 −Bound is the problem
that takes in input a finite A ∈ Π11 (N) and returns a bound for it. This, in turn,
implies that the lower cone of DS under Weihrauch reducibility misses many
arithmetic problems.
We then turn our attention to generalizations of DS. We consider the problem
BS that takes in input a quasi order that is not a well-quasi order and produces
a bad sequence. We have DS ≡W BS, as it is possible to computably extend a
quasi-order to a linear order so that bad sequences become descending sequences.
We also consider the problems Γ-DS and Γ-BS of finding descending sequences (resp. bad sequences) through a Γ presented linear order (resp. quasi
order), where Γ ∈ {Σ0k , Π0k , ∆0k , Σ11 , Π11 , ∆11 }. This creates an increasing hierarchy of problems, as Γ-DS ≤W Γ-BS and Γ-DS ≤W Γ′ -DS if Γ ⊂ Γ′ .
We prove that this hierarchy does not collapse at any finite level by characterizing the first-order part of ∆0k -DS. We also show that for each k we have
Σ0k+1 -DS ≡W ∆0k+1 -BS ≡W ∆0k+1 -DS ≡W Π0k -DS.
Moving up from the arithmetic classes, we show that UCNN <W ∆11 -DS, and
that ∆11 is the first level in which we can compute UCNN . The problem Σ11 -DS is
the strongest that is still reducible to CNN . The problems Π11 -DS and Σ11 -BS are
much stronger: we show that they can be used to compute the leftmost path of
a (ill-founded) tree, and this locates them in the realm of Π11 −CA0 .
This is joint work with Jun Le Goh and Arno Pauly.
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Incompleteness and Jump Hierarchies
Patrick Lutz and James Walsh
May 2020
We explore a connection between Gödel’s second incompleteness theorem
and recursion-theoretic jump hierarchies [1]. Our primary technical contribution
is a method for proving the well-foundedness of jump hierarchies; this method
crucially involves the second incompleteness theorem. We use this technique to
provide a proof of the following theorem:
Theorem 1 There is no sequence pAn qnăω of reals such that, for each n, the
hyperjump of An`1 is hyperarithmetical in An .
This theorem is an immediate consequence of a result of Spector’s, namely
that if OA ďH B then ω1A ă ω1B (so the existence of such a sequence pAn qnăω
would imply the existence of a descending sequence ω1A0 ą ω1A1 ą . . . in the
ordinals). We provide an alternative proof that makes no mention of admissible
ordinals. This is the first of many results we describe that indicate a connection
between incompleteness and the well-foundedness of jump hierarchies.
It follows from Theorem 1 that the relation A ă B defined by OA ďH B
is a well founded partial order. We call the ă rank of a real its Spector rank.
There is a recursion-theoretically natural characterization of the Spector ranks
of reals:
Theorem 2 For any real A, the Spector rank of A is α just in case ω1A is the
p1 ` αqth admissible ordinal.
It follows, assuming suitable large cardinal hypotheses, that, on a cone, the
Spector rank of X is ω1X .
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Goodstein principles and notation systems for
natural numbers
Andreas Weiermann1 0000-0002-5561-5323
Ghent University, Ghent, Belgium {Andreas.Weiermann}@UGent.be

Goodstein principles serve as prime examples for the concrete incompleteness
of the Peano axioms [4]. The classical Goodstein principle is based on the intrinsic
connection between iterated exponential terms and the ordinals below ε0 [3]. In
recent years more elaborate Goodstein principles which are defined to more
complex functions like e.g. the Ackermann function have been investigated and
it has been shown that they can lead to independence results for theories which
are considerably stronger than Peano arithmetic [1, 2].
In our talk I will explain how Goodstein principles are related to canonical
notation systems for natural numbers. The objective is to reveal intrinsic properties of these notations. We will e.g. indicate how the Ackermann function can
be seen as a dilator. We will also indicate how finite notations in the limit lead
to natural ordinal notations.
The long term objective is to obtain a contribution to Feferman’s natural
well ordering problem.
Parts of our results have been obtained in joint work with T. Arai, D.
Fernández-Duque, S. Wainer and Gunnar Wilken.
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A NOTE ON THE DIAMOND OPERATOR
LINDA WESTRICK
Abstract. We show that if 1 ≤W F and F ? F ≤W F , then F  ≤W F ,
where ? and  are the following operations in the Weihrauch lattice:
? is the compositional product, which allows the use of two principles
in sequence, while the diamond operator  allows an arbitrary but finite number of uses of the given principle in sequence. This answers a
question of Pauly.

Informally, let F be a problem such as “given a continuous function on
[0, 1], find its maximum value”. Although this problem is well-posed, in
general there is no constructive method for solving it. However, if we add
a single-use oracle access to a solver for the problem G: “given an infinite
binary tree, find a path through it”, F becomes constructively solvable.
Formally, one may define the notion of Weihrauch reducibility to express
this relationship: we write F ≤W G and say that F is Weihrauch reducible
to G. In what follows we assume familiarity with the Weihrauch lattice; for
definitions and references, see the recent survey [BGP].
Sometimes a problem F becomes solvable if we allow single-use oracle
access to solvers for multiple problems G and H, or if we allow the oracle
multiple uses of G. In this case we distinguish between the different ways
that the oracle can be used. The compositional product, roughly speaking,
takes two problems G and H and returns the problem H ? G: “use G and
then H”. The diamond operator, roughly speaking, takes a problem F and
returns the problem F  : “use F an arbitrary but finite number of times”.
The formal definitions are given below. A natural question was asked by
Pauly [BDMP19]: suppose that given a single-use oracle access to F , we can
solve F ? F . Does it follow that a single-use oracle access to F is enough to
solve F  ? We show that it is.
Theorem 1. Suppose F is a Weihrauch problem with 1 ≤W F and F ?F ≤W
F . Then F  ≤W F .

It follows that for any F with 1 ≤W F , F  is the least Weihrauch degree
above F that is closed under ?.
This work was done while the author was in attendance at Dagstuhl Seminar 18361,
“Measuring the Complexity of Computational Content: From Combinatorial Problems
to Analysis.” The author was also supported by the Cada R. and Susan Wynn Grove
Early Career Professorship in Mathematics. We thank Arno Pauly for many useful and
clarifying discussions. We also thank the anonymous referees, who provided additional
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Corollary 2. If F and G are Weihrauch problems with 1 ≤W F ≤W G,
and if G ? G ≤W G, then F  ≤W G.
The technical condition 1 ≤W F in Theorem 1 removes a trivial counterexample by ensuring that F has a computable instance. If F does not
have a computable instance, then we cannot have F  ≤W F because F  has
computable instances (the input can request to use F zero times), while a
formal requirement of the ≤W definition is that the oracle is used exactly
once, requiring an input to F to be produced.
The diamond operator was first introduced by Neumann and Pauly [NP18]
for the purpose of comparing the complexity of the Blum-Shub-Smale (BSS)
computation model and the Type-2-Effectivity (TTE) model. In the BSS
model, a computation has access to an arbitrary finite number of uses of the
relations < and = on real numbers, which is equivalent to access to LP O .
As Neumann and Pauly note in their paper, the diamond operator was
also essentially defined by Hirschfeldt and Jockusch [HJ16] using a game
characterization. They define a relation F ≤ω G to mean that whenever
G holds in an ω-model of second order arithmetic, so does F . Given any
pair of principles (F, G), they define a two-player game such that Player
II has a winning strategy if and only if F ≤ω G. Briefly, the game is as
follows: Player I plays an instance X0 of F ; Player II may either play a
solution S0 ≤T X0 (in which case she wins), or an instance Y0 of G such
that Y0 ≤T X0 . Then Player I must play a solution T0 to Y0 . Player II may
now either play a solution S0 to X0 with S0 ≤T X0 ⊕ T0 (and win), or a
new instance Y1 of G with Y1 ≤T X0 ⊕ T0 . The game continues in a similar
fashion, with Player I winning if Player II never produces a solution to X0 .
Although ≤ω is characterized by this game, the strategies are not required
to be effective. So Hirschfeldt and Jockusch also define a relation F ≤gW G,
or “F is generalized Weihrauch reducible to G” to mean that F ≤ω G and
furthermore Player II has a computable winning strategy in the game. As
noted by Pauly [BDMP19], it is a matter of definition-chasing to see that
for all problems F and G, we have F ≤gW G if and only if F ≤W G .
Now we give the definitions. Let Φ be a universal functional.
Definition 3. If F, G :⊆ ω ω ⇒ ω ω are Weihrauch problems then the compositional product F ? G is the problem whose domain is
{(x, e) ∈ ω ω × ω ω : x ∈ dom G and for all y ∈ G(x), Φ(e, y) ∈ dom F }

and whose output is a pair (y, z) such that y ∈ G(x) and z ∈ F (Φ(e, y)).
The compositional product was first defined in [BP18], and more details
about it can be found there. The most accessible definition is found in
[BGP], where (F ? G)(x, p) is defined as hid × F i ◦ Φp ◦ G(x). In that
definition hid × F i is the problem which, on input (y, w), outputs (y, F (w));
thus, this problem interprets the output of Φp as a pair.
Our definition may appear to differ slightly from the one given in [BGP].
To see that the two definitions lie in22the same Weihrauch degree, first see

A NOTE ON THE DIAMOND OPERATOR

3

that if we are given (x, p), we may let e be the functional defined by letting
Φ(e, y) be the second component of Φ(p, y). Then given (y, z) with y ∈ G(x)
and z ∈ F (Φ(e, y)), we may compute w as the first component of Φ(p, y),
and then check that (w, z) ∈ hid × F i ◦ Φp ◦ G(x). On the other hand, if
we are given input (x, e), we may define p to be the functional which on
input y, outputs (y, Φ(e, y)). Then if (y, z) ∈ hid × F i ◦ Φp ◦ G(x), we have
y ∈ G(x) and z ∈ F (Φ(e, y)) as needed.
Now we define the diamond operator. Let Φ∗ be a universal functional
with a space for a Weihrauch problem plug-in: given a Weihrauch problem
F and any d ∈ ω ω as input, in addition to its usual algorithmic operations
involving d the functional may at any time ask for an answer to F (Φ(t)),
where t is the contents of all the tapes at the time of the question. A new
tape is created which contains an answer (assuming that Φ(t) is total and
in the domain of F ; failure of either of these conditions results in an infinite
loop). If the functional halts, its output is considered to be Φ(t), where t is
the contents of all the tapes. If Φ(t) fails to be total, then the computation
is said to have no output. We let Φ∗ (F, d) denote a run of this process using
Weihrauch problem F and starting with input d ∈ ω ω . Here we think of d as
describing both what Φ∗ -program to run and any input data. The domain of
F  is the set of all d ∈ ω ω for which this functional always halts, no matter
what answers to the F -questions are supplied.
Definition 4. If F is a Weihrauch problem then F  is the problem whose
domain is
{d ∈ ω ω : Φ∗ (F, d) always halts with total output}

and whose output is the output of Φ∗ (F, d).

In the definition of ?, Φ was specified as a universal functional, but we did
not get into any technical details about how Φ expects its inputs, or what it
would do if given multiple tapes as input. Let us be more specific because
it also allows us to specify a technical detail of Φ’s implementation that will
come in very handy later. We declare that Φ’s single-tape mode of operation
is as follows: it expects an input of the form (. . . (((n, x1 ), x2 ), . . . ), xr ),
where n ∈ N and there are finitely many xi ∈ ω ω . It parses the data, finds the
number n, interprets this number as a program description, and then applies
that program to the rest of the data x1 , . . . , xr . If we apply Φ in a multi-tape
situation, with finitely many tapes occupied with data d1 , . . . , dr , we declare
the result to be the same as applying the single-tape version of Φ to the
input (. . . ((d1 (0), d1 ), d2 ), . . . , dr ). The reason for wanting to distinguish a
particular number as the program number will be made clear below as we will
designate that number using the recursion theorem. Going forward, we write
(n, x1 , . . . , xr ) instead of the more cumbersome ((. . . ((n, x1 ), x2 ), . . . , xr )).1
1Yes, Φ diverges if given an infinite regress of pairings as input, but this situation will

not arise.
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When comparing ? and , it is tempting to hope that any problem reducible to F  is actually reducible to (F ?(F ?. . . (F ?F ) . . . )) for some finite
number of applications of ?. If this were true, Theorem 1 would immediately
follow. Failing that, one might hope that at least for any fixed instance d
of F  , there might be a bound on the number of calls to F in Φ∗ (F, d).
However, the following example due to Pauly and Yoshimura [BDMP19]
shows that this need not L
be. Let (qi )i∈ω be a sequence of elements of ω ω
ω
such that for all i, qi 6≤T
j6=i qj . Define F by F (0 ) = {iqi : i ∈ ω} and
F (qi+1 ) = qi . Let q0 be the problem of producing q0 given any element of
ω ω . Then although q0 ≤W F  , there is no bound on the number of uses of
F that may be required, even for the fixed input 0ω .
A key observation in the proof of Theorem 1 is that the recursion theorem
relativizes. That is, the usual proof of the recursion theorem also proves this:
Proposition 5 (Relativized recursion theorem). For any computable func∼ X
tion f , there is a number n such that for all oracles X, ΦX
f (n) = Φn .
Finally we prove the theorem.
Proof of Theorem 1. Since F ? F ≤W F , let ∆ and Γ be functionals such
that for all (x, e) ∈ dom(F ? F ), ∆(x, e) ∈ dom F and for all w ∈ F (∆(x, e)),
Γ(w, (x, e)) = (y, z), where y ∈ F (x) and z ∈ F (Φ(e, y)).
Recall our assumption that Φ looks at the first bit of the innermost real
of its input to determine what program to run. By the recursion theorem,
let n ∈ ω be a fixed point such that for all oracles (d, y1 , . . . , yk ) ∈ (ω ω )<ω ,
the computation
Φ(n, d, y1 , . . . , yk )
does the following:
(1) Starts simulating Φ∗ (·, d) without a Weihrauch problem plugged in.
(2) Upon the ith oracle request, (up to k requests), yi is made available
to the simulation.
(3) If the simulation halts after k or fewer requests, output a fixed computable element of dom F .
(4) If the simulation makes a (k + 1)st request, halt and return
∆(Φ(tk+1 ), (n, d, y1 , . . . , yk )),
where tk+1 is the contents of the simulated tapes at the time of the
(k + 1)st request.
To be explicit about computational inputs and outputs, let us give the name
Ψ to a fixed functional such that if the above computation gets to stage
4 on input (d, y1 , . . . , yk ), then Ψ(d, y1 , . . . , yk ) = Φ(tk+1 ) above. If the
computation does not get to stage 4, Ψ(d, y1 , . . . , yk ) diverges.
Now we describe how to reduce F  to F . Given d ∈ dom F  , we ask F
for an answer to Φ(n, d). To guarantee that this question is in the domain
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(but also necessary) property.
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Claim. Suppose that y1 , . . . yk are such that yi ∈ F (Ψ(d, y1 , . . . yi−1 )) for
all i ≤ k. Then Φ(n, d, y1 , . . . , yk ) is total and in the domain of F .
Consider the set of all (y1 , . . . , yk ) such that the hypotheses of the claim
are satisfied. This set is a tree when ordered by extension (with possibly
continuum-sized branching). Its members represent all possible ways that F
could supply its information to the computation Φ∗ (F, d). Since d ∈ dom F  ,
it is guaranteed that no matter how F supplies its answers, the computation only asks finitely many questions, and then halts. Therefore, this tree
is well-founded. We prove the claim by induction on the well-founded rank
of the tree. If (y1 , . . . , yk ) is a leaf, the computation terminates without
asking any more questions to F . In this case, Φ(n, d, y1 , . . . , yk ) halts in
step (3) above and returns an element of dom F . If (y1 , . . . , yk ) is not a
leaf, the question Ψ(d, y1 , . . . , yk ) is asked, and Φ(n, d, y1 , . . . , yk ) halts in
step (4). We claim the value it gives is in dom F . First, the hypothesis on (d, y1 , . . . , yk ) guarantees we are on a correct computation path, so
Ψ(d, y1 , . . . , yk ) ∈ dom F , and for any yk+1 ∈ F (Ψ(d, y1 , . . . , yk )), by induction we know that Φ(n, d, y1 , . . . , yk , yk+1 ) ∈ dom F . It follows that
(Ψ(d, y1 , . . . , yk ), (n, d, y1 , . . . , yk )) ∈ dom(F ? F ), and so applying ∆, we see
Φ(n, d, y1 , . . . , yk ) ∈ dom F . This proves the claim.
When k = 0, the claim implies that Φ(n, d) ∈ dom F . Let z0 ∈ F (Φ(n, d))
be the answer given. We now compute F  (d) as follows. Begin to simulate
Φ∗ (F, d). If it ever halts, output what it outputs. If it asks a first question
Ψ(d), then Φ(n, d) halted in case (4) and returned ∆(Ψ(d), (n, d)). By the
Claim, (Ψ(d), (n, d)) is a valid input to F ?F , so since z0 ∈ F (∆(Ψ(d), (n, d))),
we know that Γ(z0 , (Ψ(d), (n, d))) yields a pair (y1 , z1 ) such that y1 ∈ F (Ψ(d))
and z1 ∈ F (Φ(n, d, y1 )). Continue the simulation using y1 as the simulated answer of F . In general, we maintain that yk ∈ F (Ψ(d, y1 , . . . , yk−1 ))
and that zk ∈ F (Φ(n, d, y1 , . . . , yk )). Then if there is a (k + 1)st question Ψ(d, y1 , . . . , yk ), we run Γ(zk , (Ψ(n, d, y1 , . . . , yk ), (n, d, y1 , . . . , yk ))) to
obtain yk+1 which answers the question and zk+1 which maintains the condition. Eventually the simulation must stop asking questions and halt with
a correct simulated output.
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